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Abstract. In this paper, we have introduced the concept of (g, G Vg)-fuzzy 
ideals in a right modular groupoid. We have discussed several important features of 
a completely regular right modular groupoid by using the (g, G Vg)-fuzzy left (right, 
two-sided) ideals, (G, G Vq)-fuzzy (generalized) bi-ideals and (G, G Vg)-fuzzy (1, 2)- 
ideals. We have also used the concept of (G, G V<7fc)-fuzzy left (right, two-sided) 
ideals, (g, G Vqfc)-fuzzy quasi-ideals (g, G Vqk)-iuzzy bi-ideals and (G, G V(?fc)-fuzzy 
interior ideals in completely regular right modular groupoid and proved that the 
(G, G Vgfc)-fuzzy left (right, two-sided), (g, G V<7fc)-fuzzy (generalized) bi-ideals, and 
(G, G Vqfc)-fuzzy interior ideals coincide in a completely regular right modular groupoid. 
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Introduction 

The fundamental concept of fuzzy sets was first introduced by Zadeh [18] in 
1965. Given a set X, a fuzzy subset of X is, by definition an arbitrary mapping 
/ : X — > [0, 1] where [0, 1] is the unit interval. Rosenfeld introduced the definition 
of a fuzzy subgroup of a group [15]. Kuroki initiated the theory of fuzzy bi ideals 
in semigroups [8] . The thought of belongingness of a fuzzy point to a fuzzy subset 
under a natural equivalence on a fuzzy subset was defined by Murali [11]. The 
concept of quasi-coincidence of a fuzzy point to a fuzzy set was introduce in [14]. 
Jun and Song introduced (a,/3)-fuzzy interior ideals in semigroups [4]. 

In this paper we have characterized non-associative algebraic structures called 
right modular groupoids by their (g, G Vqt)-fuzzy ideals. A right modular groupoid 
M is non-associative and non-commutative algebraic structure mid way between a 
groupoid and a commutative semigroup. 

The concept of a left almost semigroup (LA-semigroup) [5] or a right modular 
groupoid was first given by M. A. Kazim and M. Naseeruddin in 1972. A right 
modular groupoid M is a groupoid having the left invertive law, 

(1) (ab)c — (cb)a, for all a, b, c G M. 

In a right modular groupoid M, the following medial law [5] holds, 

(2) (ab)(cd) = (ac)(bd), for all a, b, c, d G M. 
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The left identity in a right modular groupoid if exists is unique [12]. In a right 
modular groupoid M with left identity the following paramedial law holds [13], 



Let M be a right modular groupoid, by a subgroupoid of M, we means a non- 
empty subset A of M such that A 2 C A. A non-empty subset A of a right modular 
groupoid M is called left (right) ideal of M if MA C A {AM C A). A is called 
two-sided ideal or simply ideal if it is both a left and a right ideal of M. A non 
empty subset A of a right modular groupoid M is called generalized bi-idcal of M 
if (AM) A Ci A subgroupoid A of M is called bi-idcal of M if {AM) A C A A 
subgroupoid A of M is called interior ideal of M if (MA)M C A A non-empty 
subset A of a right modular groupoid M is called quasi-ideal of M if QMDMQ C Q. 
Every one sided ideal is quasi ideal, every quasi ideal is, every bi-ideal is generalized 
bi-ideal but converse is not true in general. Also every two sided ideal is interior 
ideal but converse is not true. 

Definition 1. A fuzzy subset F of a right modular groupoid M is called a fuzzy 
interior ideal of M if it satisfy the following conditions, 

(i) F{xy) > min{F(x), F(y)} for all x,y G M. 

(ii) F((xa)y) > F(a) for all x,a,y G M. 

Definition 2. For a fuzzy set F of a right modular groupoid M and t G (0, 1], the 

crisp set U(F; t) = {x G M such that F(x) > t} is called level subset of F. 

Definition 3. A fuzzy subset F of a right modular groupoid M of the form 



is said to be a fuzzy point with support x and value t and is denoted by x t . 

A fuzzy point x t is said to belong to (resp. quasi- coincident with) a fuzzy set F, 
written as x t £ F (resp. x t qF) if F(x) > t (resp. F(x) + 1 > 1). If x t G F or (resp. 
and) x t qF, then we write x t G Vo (G Aq)F. The symbol G Vo means G Vg does 
not hold. 

Lemma 1. (cf. [7]) A fuzzy set F of a right modular groupoid M is a fuzzy interior 
ideal of M if and only if U(F; t) 0) is an interior ideal of M. 

Definition 4. A fuzzy set F of a right modular groupoid M is called an (G, G Vq)- 
fuzzy interior ideal of M if for all t,r G (0, 1] and x, a,y G M . 

(Al) x t G F and y r G F implies that (#t/) m i n {t,r} G Vgi 7 ". 

(A2) a t G F implies ((xa)y) t G VqF 

Definition 5. .A /wzzy set F of a right modular groupoid M is called an (G, G Vg)- 
/uzzy bi-ideal of M if for all t,r G (0, 1] and ir, y, z G M. 

(.61) Xt G F and y r G -F implies that (xy) m i n {t, r } € VgF. 

(i?2) x t & F and z r E F implies ((xy)z) m - ln {t. r } G VgF. 



(3) (ab)(cd) = (dc)(ba), for all a, 6, c, d G M. 

If a right modular groupoid M contains a left identity, then, 



(4) 



a(bc) = b(ac), for all a, 6, c G 



M. 
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Lemma 2. A fuzzy set F of a right modular groupoid M is an (G, G \Jq)- fuzzy 
interior ideal of M if and only if U (F; t) (y^ 0) is an interior ideal of M , for all 

i e (0,0-5;. 

Proof. Let F be an (G,G Vg)-fuzzy interior ideal of M. Let x,y E U(F;t) and 

t € (0,0 • 5], then F(x) > t and F{y) > i, so A F(t/) > i. As F is an 
(e, G Vq)-fuzzy interior ideal of M, so 

F(xy) > F(x) A F(y) A0-5>iA0-5 = i. 

Therefore, xy E U(F;t). Now if x, y £ M and a G J7(F;t) then F(a) > t then 
F((xa)y) > F(a) > t. Therefore ((xajy) G U(F;t) and U(F;t) is an interior ideal. 

Conversely assume that U(F;t) is a fuzzy interior ideal of M. If x, y 6 U(F;t) 
then > i and F(y) > r which shows 6 F and y r G F as U(F; t) is an interior 
ideal so xy € U(F;t) therefore F(xy) > min{f, r} implies that (a;y) m in{t,r} € F, 
so (a;y) min { tjr } G VgF. Again let x,y G M and a G U(F;t) then F(a) > t implies 
that at £ F and U(F;t) is an interior ideal so ((xa)y) G U(F;t) then F((xa)y) > t 
implies that ((xa)y) t G F so ((xa)y) t G VgF. Therefore F is an (G,G V<7)-fuzzy 
interior ideal. □ 

Theorem 1. (cf. [7]) For a fuzzy set F of a right modular groupoid M. The 
conditions (Al) and (A2) of Definition 4, are equivalent to the following, 

{A3) (Vx, y G M)F(xy) > min{F(x), F(y), • 5} 

{AA) F((xa)y) > min{F(a),0 • 5}. 

Theorem 2. For a fuzzy set F of a right modular groupoid M . The conditions 
(Bl) and (B2) of Definition 5, are equivalent to the following, 

(53) (Vac, j/ G M)F{xy) > mm{F(x),F(y),0 ■ 5} 

(54) (Vx,y,z G M)F((xy)z) > min{F(x), F(y), • 5}. 

Proof. It is similar to proof of theorem [TJ □ 

Definition 6. A fuzzy subset F of a right modular groupoid M is called an (g, G Vq)- 
fuzzy (1,2) ideal of M if 

(t) F(xy) >mm{F(x),F{y),0.5}, 

(ii) F((xa){yz)) > min{F(a;), F(y), F(z), 0.5}, /or a// 1, a,y,z G M. 

Theorem 3. Every (G, G \lq)-fuzzy bi-ideal is an (G,G Wq) -fuzzy (1,2) idea/ o/ a 
riy/if modular groupoid M , with left identity. 

Proof. Let F be an (g, G Vg)-fuzzy bi-ideal of M and let x,a,y,z G M then by 
using (4) and (1), we have 

F((xa){yz)) = F{y((xa)z)) > min {F(y), F((xa)z), 0.5} 

= min {F(y),F((za)x), 0.5} > min {(Ft/), F(^), F(x), 0.5, 0.5} 
= min {(Fy),F(z),F(x), 0.5}. 

Therefore F is an (g, G Vq)-fuzzy (1, 2) ideal of a right modular groupoid M. □ 

Theorem 4. Every (G,G Vq) -fuzzy interior ideal is an (G,G Vq)-fuzzy (1,2) idea? 
o/ a ri(//ii modular groupoid M , with left identity e. 
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Proof. Let F be an (g, G Vg)-fuzzy interior ideal of M and let x,a,y,z G M then 
by using (1), we have 

F((xa)(yz)) > min {F(xa), F(yz), 0.5} > min {F(xa), F(,z), 0.5, 0.5} 

= min {F((ex)a), F(z), 0.5} = min {F((ax)e), F(y), F(z), 0.5} 

> min {F(x), F(y), F(z), 0.5, 0.5} = min {F(x), F(y), F(z), 0.5} . 

Therefore F is an (g, 6 V<j) —fuzzy (1, 2) ideal of a right modular groupoid M. 

□ 

Theorem 5. Let $ : M — > M be a homomorphism of right modular groupoids 
and F and G be (g, G \lq)-fuzzy interior ideals of M and M , respectively. Then 

(i) $ _1 (G) is an (g, G Vq)-fuzzy interior ideal of M. 

(ii) If for any subset X of M there exist x G X such that F (x ) = \J {F (x) | x G X}, 
then $ (F) is an (g, G \Jq)-fuzzy interior ideal of ' M when $ is onto. 

Proof. It is same as in [4]. □ 



Completely Regular Right Modular Groupoids 

Definition 7. A right modular groupoid M is called regular, if for each a G M 
there exist x G M such that a = (ax) a. 

Definition 8. A right modular groupoid M is called left (right) regular, if for each 
a G M there exist z G M (y G M) such that a = za 2 (a = a 2 y) . 

Definition 9. A right modular groupoid M is called completely regular if it is 
regular, left regular and right regular. 

Example 1. Let M = {1,2,3,4} and the binary operation " o " defined on M as 
follows: 



o 


1 


2 


3 


4 


1 


4 


1 


2 


3 


2 


3 


4 


1 


2 


3 


2 


3 


4 


1 


4 


1 


2 


3 


4 



Then clearly (M, o) is a completely regular right modular groupoid with left identity 
4. 

Theorem 6. If M is a right modular groupoid with left identity, then it is com- 
pletely regular if and only if a G (a 2 M)a 2 . 

Proof. Let M be a completely regular right modular groupoid with left identity, 
then for each o G M there exist x,y,z G M such that a — (ax)a, a = a 2 y and 
a = za 2 , so by using (1), (4) and (3), we get 

a = (ax)a = {(a 2 y)x)(za 2 ) = {{xy)a 2 )(za 2 ) = ((za 2 )a 2 )(xy) 

= ((aV)z)(xy) - ({xy)z)(a 2 a 2 ) = a 2 {{{xy)z)a 2 ) 

= (ea 2 )(((xy)z)a 2 ) = (a 2 ((xy)z))(a 2 e) = (a 2 ((xy)z))((aa)e) 

= (a 2 {{xy)z)){{ea)a) = {a 2 ((xy)z))a 2 G {a 2 M)a 2 . 
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Conversely, assume that a S (a 2 M)a 2 then clearly a — a 2 y and a — za 2 , now 
using (3), (1) and (4), we get 

a e (a 2 M)a 2 = (a 2 M) (aa) = (aa) (Ma 2 ) = (aa) (M (aa)) 

= (aa) ((eM))(aa)) = (aa) ((aa) (Me)) C (aa) ((aa) M) 

= (aa) (a 2 M) = ((a 2 M) a)a = (((aa) M) a) a = ((aM) (aa)) a 

= (a((Ma)a))a<Z(aM)a. 

Therefore M is completely regular. □ 

Theorem 7. If M is a completely regular right modular groupoid, then every 
(e,G Vq)-fuzzy (1,2) ideal of M is an (e,G Vq) -fuzzy bi-ideal of M. 

Proof. Let M be a completely regular and F is an (e, G Vg)-fuzzy (1,2) ideal of 
M. Then for x e M there exist b € M such that a; = (x 2 b)x 2 , so by using (1) and 
(4), we have 



F((xa)y) = F((((x 2 b)x 2 )a)y) = F((ya)((x 2 b)x 2 )) 

> mm{F(y),F(x 2 b),F(x 2 ),0.5} 

> min {F(y), F(x 2 b), F(x), F{x), 0.5, 0.5} 
= min [F(y) 1 F(x 2 b), F(x),Q.b] 

= min {F((xx)b),F(x),F(y), 0.5} 

= min {F((bx)x),F(x),F(y), 0.5} 

> min {F(6a;), F(ar), 0.5, F(x), F(y), 0.5} 
= mm{F(bx).F(x),F(y),0.5} 

= min [F(b((x 2 b)x 2 )), F(x), F(y), 0.5} 

= min{F((x 2 6)(6x 2 )), F(ar), F(y), 0.5} 

= min {F(((bx 2 )b)x 2 ), F(x), F(y), 0.5} 

= min {F((((eb)x 2 )b)(xx)) 1 F(x), F(y), 0.5} 

= min {F((((x 2 b)e)b)(xx)), F(x), F(y), 0.5} 



mm 



{F(((6e)(x 2 6))(xx)),F(x),^(y),0.5} 
- min |F((x 2 ((fee)6))(xx)), F(x), F(y), 0.5} 

> min |F(x 2 ), F(x),F(x), 0.5, F(x), 0.5} 

> min {F(x),F(x), 0.5, F(x), F(x), F(x), F(y), 0.5} 
= min {F(a;),F(j/), 0.5}. 

Therefore, F is an (e, e Vq)-fuzzy bi-ideal of M. □ 

Theorem 8. If M is a completely regular right modular groupoid, then every 
(e,G Vq)-fuzzy (1,2) ideal of M is an (S, S \/q) -fuzzy interior ideal of M . 



Proof. Let M be a completely regular and F is an (g, 6 Vq)-fuzzy (1,2) ideal of 
M.Then for x e M there exist y e M such that x = (x 2 y)x 2 , so by using (4), (1), (2) 
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and (3), we have 

F((ax)b) = F((a((x 2 y)x 2 ))b) = F(((x 2 y)(ax 2 ))b) 

= F((b(ax 2 ))(x 2 y)) = F((b(a(xx)))(x 2 y)) 

= F((b(x(ax)))(x 2 y)) = F((x(b(ax)))((xx)y)) 

= F((x(b(ax)))((yx)x)) = F((x(yx))((b(ax))x)) 

= F(((ex)(yx))((x(ax))b)) = F(((xx)(ye))((a(xx))b)) 

= F(((xx)(ye))((b(xx))a) = F(((xx)(b(xx)))((ye)a)) 

= F((b((xx)(xx)))((ye)a)) = F((b(ye))(((xx)(xx))a)) 

= F((a((xx)(xx)))((ye)b)) = F(((xx)(a(xx)))((ye)b)) 

= F((((ye)b)(a(xx)))(xx)) = F((((ye)b)(x(ax)))(xx)) 

= F((x(((ye)b)(ax)))(xx)) = F((xc)(xx)) 

> min{F(a;), F(x), F(x), 0.5} = min{F(a;), 0.5}. 
Therefore F is an (£, £ Vg)-fuzzy interior ideal of M. □ 

Theorem 9. Let F be an(£, £ Wq) —fuzzy bi-ideal of a right modular groupoid M. 
If M is a completely regular and F(a) < 0.5 for all x e M then F(a) — F(a 2 ) for 
all a G M. 

Proof. Let a G M then there exist x € M such that a = (a 2 x)a 2 , then we have 

F(a) = F{{a 2 x)a 2 ) > mm{F{a 2 ), F(a 2 ),0.5} 
= mm{F (a 2 ), 0.5} = F(a 2 ) = F(aa) 
> min{F(a), F(a), 0.5} = F(a). 
Therefore F(a) = F{a 2 ). □ 

Theorem 10. Let F be an(G, £ \lq)-fuzzy interior ideal of a right modular groupoid 
M. If M is a completely regular and F(a) < 0.5 for all x G M then F(a) = F(a 2 ) 
for all a £ M. 

Proof. Let a £ M then there exist x £ M such that a = (a 2 x)a 2 , using (4), (1) and 
(3), we have 

F(a) = F{{a 2 x)a 2 ) = F((a 2 x)(aa)) = F{a{{a 2 x)a)) 

= F(a((ax)a 2 )) = F((ea)((ax)a 2 )) = F((((ax)a 2 )a)e) 
= F{{{aa 2 ){ax))e) = F(((xa)(a 2 a))e) = F{{{{a 2 a)a)x)e) 
= F((((aa)a 2 )x)e) = F(((xa 2 )(aa))e) = F{{{xa 2 )a 2 )e) 

> min{F(a 2 ), 0.5} = F{a 2 ) = F(aa) 

> min{F(a), F(a), 0.5} > mm{F(a), 0.5} = F(a). 

Therefore F(a) = F(a 2 ). □ 



(e, £ v 9fc )-fuzzy Ideals in Right Modular Groupoids 

It has been given in [3] that x t quF is the generalizations of x t qF, where k is 
an arbitrary element of [0, 1) as x t qkF if F(x) + t + k > 1. If x t £ F or x t qF 
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implies Xt 6 QkF . Here we discuss the behavior of (g, G Vafc)-fuzzy left ideal, 
(G, G Vqfc)-fuzzy right ideal, (g, G Vqfc)-fuzzy interior ideal, (G, G Vgfc)-fuzzy bi-ideal, 
(g, G Vqfc)-fuzzy quasi-ideal in the completely regular right modular groupoid M. 

Definition 10. A fuzzy subset F of a right modular groupoid M is called an (g 
, G \lq k )-fuzzy subgroupoid of M if for all x,y G M and t,r G (0, 1] the following 
condition holds 

x t G F,y r G F implies (xy) min { t ,r} € Vq k F. 

Theorem 11. Let F be a fuzzy subset of M. Then F is an (G, G Vq k )-fuzzy 
subgroupoid of M if and only if F{xy) > min{F(a;), F(y), ^-^-}- 

Proof. It is similar to the proof of theorem [T] □ 

Definition 11. A fuzzy subset F of a right modular groupoid M is called an (G, G 
Vq k )-fuzzy left (right) ideal of M if for all x,y G M and t,r G (0,1] the following 
condition holds 

y t G F implies (xy) t G Vq k F (yt G F implies (yx) t G Vq k F) . 

Theorem 12. Let F be a fuzzy subset of M. Then F is an (G,G \lq k )-fuzzy left 
(right) ideal of M if and only ifF(xy) > min{F(y), (F(xy) > min{F(x), ^^}) 

Proof. Let F be an (g, G Vflfc)-fuzzy left ideal of M . Suppose that there exist 
x,y G M such that F (xy) < min {F (y) , ^-^}- Choose ate (0,1] such that 
F (xy) < t < min {F (y) , i^}. Then y t G F but (xy) t £ F and F (xy) + t + 
k < + + k = 1, so (xy) t G VqkF, a contradiction. Therefore F(xy) > 
min{F(y),l^}. 

Conversely, assume that F(xy) > min{F(y), -^}. Let x, y G M and i G (0, 1] 
such that y t G M then F(y) > t. then F(xy) > min{F(y), > mm{t, If 
t > then > So F (xy) + t + fc>^ + ±=*+fc = l, which implies 

that (xy) t qkF. If t < then F(xy) > t. Therefore F(xy) > t which implies 

that (xy) t G F. Thus (xy) t G Vq fc F. □ 

Corollary 1. ^4 fuzzy subset F of a right modular groupoid M is called an (g 
,G Vq k )-fuzzy ideal of M if and only if F(xy) > min{F(y), ^j^} and F(xy) > 
min{F(a;), i^}. 

Definition 12. j4 fuzzy subset F of a right modular groupoid M is called an (g 
, G \lq k )-fuzzy bi-ideal of M if for all x,y,z G M and t,r G (0,1] the following 
conditions hold 

(i) If x t G F and y r G M implies (xy) mln{tr} G Wq k F, 

(ii) If x t G F and z r G M implies ((xy) z) min{tr } G Vq k F. 

Theorem 13. Let F be a fuzzy subset of M. Then F is an (g, G Vq k )-fuzzy bi-ideal 
of M if and only if 

(i) F(xy) > min{F (x) , F(y), for all x,y G M and k G [0, 1), 

(ii) F((xy)z) > min{F(x), F (z) , for all x,y,z G M and k G [0, 1). 

Proof. It is similar to the proof of theorem [T] □ 

Corollary 2. Let F be a fuzzy subset of M. Then F is an (G,G \lq k )-fuzzy 
generalized bi-ideal of M if and only if F((xy)z) > min{F(a;), F (z) , for all 
x,y,z G M and k G [0, 1). 



s 



Definition 13. A fuzzy subset F of a right modular groupoid M is called an (g, G 
Wqk) -fuzzy interior ideal of M if for all x,,a,y £ M and t, r E (0, 1] the following 
conditions hold 

(i) If x t e F and y r G M implies (xy) min{tr} G Vq k F, 

(ii) If a t G M implies ((xa) y) min{tr} G Vq k F. 

Theorem 14. Let F be a fuzzy subset of M . Then F is an (g, G Vqk)-fuzzy interior 
ideal of M if and only if 

(i) F{xy) > mm{F (x) , F(y), ^} for all x, y G M and k G [0, 1), 

(ii) F((xa)y) > min {F(a),^} for all x,a,y G M and k G [0,1). 

Proof. It is similar to the proof of theorem [T] □ 

Lemma 3. The intersection of any family of (G,G Vqk) -fuzzy interior ideals of 
right modular groupoid M is an (G, G \/qk) -fuzzy interior ideal of M. 

Proof. Let {Fi} ieI be a family of (G, G Vgfc)-fuzzy interior ideals of M and x,a,y G 
M. Then (A te iF t )((xa)y) = f\ ie i(Fi((xa) y). As each F t is an (g, G Vgfe)-fuzzy 
interior ideal of M, so Fi((xa)y) > F,(a) A -^p for all i G /. Thus 

/ 1 — k/ 

(AieiFi) ((xa)y) = A ieI (Fi((xa) y) > A ieI lFi(a) A — 

Therefore A^g/Fj is an (G, G Vgfe)-fuzzy interior ideal of M. □ 

Definition 14. A fuzzy subset F of a right modular groupoid M is called an (g, G 
^qk)-fuzzy quasi-ideal of M if following condition holds 

F (x) > min | (F o 1) (x) , (1 o /) (x), ^ 

where 1 is i/ie fuzzy subset of M mapping every element of M on 1. 

Lemma 4. If M is a completely regular right modular groupoid with left identity, 
then a fuzzy subset F is an (g, G \lqk)-fuzzy right ideal of M if and only if F is an 
(G, G \lqk)-fuzzy left ideal of M . 

Proof. Let F be an (g, G Vqfc)-fuzzy right ideal of a completely regular right mod- 
ular groupoid M, then for each a G M there exist x G M such that a = (a 2 x)a 2 , 
then by using (1), we have 

F(ab) = F(((a 2 x)a 2 )b) = F((ba 2 )(a 2 x)) 

> F(6a 2 )A i_Ji> F(6)A i_±. 

Conversely, assume that F is an (G, G Vqfc)-fuzzy right ideal of M, then by using 
(1), we have 

F(ab) = F{{{a 2 x)a 2 )b) = F((ba 2 ){a 2 x)) 

> F(a 2 x) A = F((aa)x) A 

_ , , , , 1 k _ , . 1 k 
= F((xa)a) A — - — > F(a) A — - — . 

□ 
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Theorem 15. If M is a completely regular right modular groupoid with left identity, 
then a fuzzy subset F is an (£,£ Vqk)-fuzzy ideal of M if and only if F is an 
{£,£ Vgfc) -fuzzy interior ideal of M . 

Proof. Let F be an (e, £ V<7fc)-fuzzy interior ideal of a completely regular right 
modular groupoid M, then for each a £ M there exist x £ M such that a = (a 2 x)a 2 , 
then by using (4) and (1), we have 

1 — k 

F(ab) = F(((a 2 x)a 2 )b) > F(aa) > F(a) A F(a) A — — , and 

F(ab) = F(a((b 2 y)b 2 ))F((b 2 y)(ab 2 )) = F(((bb)y)(ab 2 )) 
= F(((yb)b){ab 2 ))>F(b)A 1 -^. 
The converse is obvious. □ 

Theorem 16. If M is a completely regular right modular groupoid with left identity, 
then a fuzzy subset F is an (g, £ Vqk)-fuzzy generalized bi-ideal of M if and only if 
F is an (£,£ Vqk)-fuzzy bi-ideal of M . 

Proof. Let F be an (£,£ Vgfc)-fuzzy generalized bi-ideal of a completely regular 
right modular groupoid M, then for each a £ M there exist x £ M such that 
a = (a 2 x)a 2 , then by using (4), we have 

F(ab) = F(((a 2 x)a 2 )b) = F(((a 2 x)(aa))b) 

= F((a((a 2 x)a))b)>F(a)AF(b)A^-j^. 

The converse is obvious. □ 

Theorem 17. If M is a completely regular right modular groupoid with left identity, 
then a fuzzy subset F is an (e, £ \/qk)-fuzzy bi-ideal of M if and only if F is an 
(£,£ Vqk) -fuzzy two sided ideal of M . 

Proof. Let F be an {£, £ V<7fe)-fuzzy bi-ideal of a completely regular right modular 
groupoid M, then for each a £ M there exist x £ M such that a = (a 2 x)a 2 , then 
by using (1) and (4), we have 

F(ab) = F(((a 2 x)a 2 )b) = F((((aa)x)a 2 )b) = F((((xa)a)a 2 )b) 

= F{(ba 2 )((xa)a)) = F((b(aa))((aa)x)) = F((a(ba))((aa)x)) 

= F((aa((a(ba))x)) = F((((a(ba))x)a)a) = F((((b{aa))x)a)a) 

= F((((x(aa))b)a)a) = F((((a(xa))b)a)a) = F(((ab)(a(xa)))a) 

= F((a((ab)(xa)))a) > F(a) A F(a) A = F(a) A 

And, by using (4) , (1) and (3), we have 
F(ab) - F(a((b 2 y)b 2 )) = F((b 2 y)(ab 2 )) = F(((bb)y)(a(bb))) 

= F(((a(bb)y)(bb)) = F(((a(bb))(ey))(bb)) = F(((ye)((bb)a))(bb)) 

= F((bb)((ye)a))(bb)) > F(bb) A > F(b) A F(b) A i^*. 

= F(h)A 1 -^. 

The converse is obvious. □ 



10 



Theorem 18. If M is a completely regular right modular groupoid with left identity, 
then a fuzzy subset F is an (G,G Vqk)-fuzzy quasi-ideal of M if and only if F is 
an (g, G Vqk)-fuzzy two sided ideal of M. 

Proof. Let F be an (g, G Vgfc)-fuzzy quasi-ideal of a completely regular right mod- 
ular groupoid M, then for each a G M there exist x G M such that a = (a 2 x)a 2 , 
then by using (1), (3) and (4), we have 

ab = ((a 2 x)a 2 )b = (ba 2 ) (a 2 x) = (xa 2 ) (a 2 b) 

= (x (aa)) (a 2 b) = (a (xa)) (a 2 b) = ((a 2 b) (xa)) a. 

Then 

1 — k 

F(ab) > (F o 1) (ab) A(loF) (ab) A — - — 

= V {^)Al(g)}A(loF)(a6)A^ 

ab—pq 

> F(a)Al(b)A \/ {F(0Al(m)}A^ 

ab—lm 

= F (a) A \/ {l ((a 2 b) (xa)) A F (a)} 

ab— ((a 2 6)(:ca))a 

1 — k 1 — k 

> F (a) A 1 ((a 2 6) (xa)) A F (a) A — — = F (a) A — ^— . 

Also by using (4) and (1), we have 

ab = a((b 2 y)b 2 ) = (b 2 y)(ab 2 ) = ((bb)y)(ab 2 ) 
= ((ab 2 )y)(bb)=b(((ab 2 )y)b). 

Then 

F(ab) > (F o 1) (ab) A (1 o F) (ab) A 

= \/ ™ A 1(g)} A \/ {1(!)AFW}A^ 

ab—pq ab—lm 

V {F(6)Al(((a6 2 ) 2/ )6)}A \/ {l(a)AF(6)}A 

ab=6(((afc 2 )iy)b) ab=ab 

> F(6) A l(((a6 2 ) y) 6) A 1 (a) A F (b) A ±^ = F (b) A 
The converse is obvious □ 



1-jfe 



Remark 1. We note that in a completely regular right modular groupoid M with 
left identity, (G, G Vq^)- fuzzy left ideal (G, G Wq^)- fuzzy right ideal, (G, G Vg^) fuzzy 
ideal, (g, G Vqk)-fuzzy interior ideal, (g, G Vqk)-fuzzy bi-ideal, (g, G Wq^)- fuzzy gen- 
eralized bi-ideal and (G, G \Jqu)- fuzzy quasi-ideal coincide with each other. 

Theorem 19. If M is a completely regular right modular groupoid then F Au G = 
F o k G for every (g, G Vqu)- fuzzy ideal F and G of M. 
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Proof. Let F is an (g, G V<j%)- fuzzy right ideal of M and G is an (G, G Vgfc)-fuzzy 
left ideal of M, and M is a completely regular then for each a G M there exist 
x G M such that a = (a 2 x)a 2 , so we have 



(Fo fc G)(a) - (FoG)(fl)A^= \J {F{p) A G ( q)} A LJl 

a=pq 

> F(a 2 x) A G (a 2 ) A > F(aa) A G (aa) A 

> F(aa) A G (aa) A ^ > F(a) A G (a) A ^ 
= (FAG)(a)A^ = (FA k G)(a). 



Therefore F A k G < F o k G, again 



(Fo k G)(a) = (FoG)(a)A^= \/ Wp)AG(?)}]a^ 

= \/ {F(p)AG(q)A^\< \/ {(F(OTAG( OT ))A^| 

n — nn n—nn ' 



a—pq v ' a—pq 

F(a)AG(a)A^-^ = (FA k G) (a). 



Therefore F A k G> Fo k G. Thus F A k G = F o k G. □ 



Definition 15. ,4 n^/it modular groupoid M is called weakly regular if for each a 
in M there exists x and y in M such that a = (ax) (ay). 



It is easy to see that right regular, left regular and weakly regular coincide in a 
right modular groupoid with left identity. 



Theorem 20. For a weakly regular right modular groupoid M with left identity, 
(G A k F) Afe H) < ((G o k F) o k H), where G is an (g, G Vq k )- fuzzy right ideal, F 
is an (G, G \/q k )- fuzzy interior ideal and H is an (G, G \/q k )- fuzzy left ideal. 



Proof. Let M be a weakly regular right modular groupoid with left identity, then 
for each a in M there exists x and y in M such that a = (ax) (ay), then by using 
(3), we get a — (ya)(xa), and also by using (4) and (3), we get 



ya = y((ax)(ay)) = (ax)(y(ay)) = (ax)((ey)(ay)) = (ax) ((y a) (ye)) 
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Then 

((G o k F) o k H)(a) = \J {(G o k F)(p) A H(q)} > (G o k F)(ya) A H(xa) 

a=pq 

> (G o k F)(ya) A H(a) A 1 



2 

1-k 



A 



= \/ {G(b)AF(c)}AH(a).. , 

ya—bc 

> (G(ax)AF((ya)(ye)))AH(a)A^ 

> {G{a)A l_h AF (a)A 1 -^)AH(a)A 1 -^ 

= {G(a) A F(a)) A H{a) A 

= ((G A F) A H)(a) A 
= ((G Afe F) A k H)(a). 
Therefore, (G A k F) A k H) < ((G o k F) o k H). □ 

Theorem 21. For a weakly regular right modular groupoid M with left identity, 
Fk < ((F o k 1) o k F), where F is an (e, E Vq k )- fuzzy interior ideal. 

Proof. Let M be a weakly regular right modular groupoid with left identity, then 
for each a € M there exist x,y G M such that a = (ax)(ay), then by using (1) 
a = {{ay)x)a. Also by using (1) and (4), we have 

(ay) = (((ax)(ay))y) = ((y(ay))(ax)) = ((a(yy))(ax)) 
= (((ax)(yy))a) = ((((yy)x)a)a). 

Then 

1-k 



{{Fo k l)o k F)(a) = ((Fol)oF)(a)A 



2 

k 



V {(Fol)(p)AF(q)}A- 



2 

a=pq 

> (Fol)(((ay)x)AF(a)A^ 

= \/ W)Al(c)}AF(a)A^ 

(ay)x=(bc) 

1 — k 

> F(ay) A l{x) A F{a) A 

= F((((yy)x)a)a) A F(a) A — 

> F(a)A __ AF(a)A __ 

= F(a)A^=F fe (a). 
Therefore, F fe < ((F o k 1) o fc F). □ 
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